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1  ♦    Introduction. 


It  is  well  known  that  the  solution  of  the  integral  equation 


^(z) 


f-  fzj  "^^  =  h(?)«^(?)  +  m) 


can  be  reduced  to  the  Hilbert -xliernann  boundary  value  problem  which  is  de- 
fined in  Section  2.    This  reduction,  which  depends  on  the  ideas  of  Carleman 
and  Plemelj,   is  explained  in  detail  in  the  texts  by  I/Iuskhelishvili  [1],  Gahov 
[2],  and  others;    and  it  is  now  regarded  as  a  standard  method.    It  is  the  pur- 
pose of  this  paper  to  show  that  a  moi  e  elementary  method  can  be  used  to 
solve  various  types  of  integral  equations  involving  Cauchy  kernels  provided 
certain  conditions  are  satisfied.    The  function  theoretic  method  described 
below  avoids  the  analysis  of  a  Hilbert-Paemann  boundary  value  problem;    con- 
sequently, when  it  can  be  used,  it  is  more  simple  and  rapid  than  the  standard 
procedure.    Furthermore,  it  can  be  used  to  solve  some  equations  to  which 
the  standard  method  is  inapplicable. 

The  method  described  in  Section  3  involves  the  Plemelj  formulas 
and  little  more  than  the  theory  of  residues.    It  is  of  such  an  elementary 
nature  that  one  would  expect  to  find  it  in  a  place  of  some  prominence  in  the 
texts,  or  surmise  at  least  that  it  appears  elsewhere.    However,   a  more  or 
less  intensive  search  of  the  literature  failed  to  reveal  any  reference  to  it. 
This  led  the  author  to  believe  that  a  presentation  of  it  in  this  report  might  be 
useful. 


.^*t       i 


Section  2  contains  a  review  of  tlie  usual  method  for  solving 

/I 

In  Section  3  an  explicit  solution  is  found  for  the  more  general  integral  equation 

1   K(z.  j;)(^(z)  ,        u/' \A/-\  J.  tiv\ 

r^     g  ^  r <^2     =    h(i,)(^(l,)    +    f(U      . 

Here,    C    is  a  closed  curve  and   h(?)    and   K(z,  w)    are  required  to  satisfy  cer- 
tain analyticity  conditions.    Under  these  conditions,  the  introduction  of  a 
Hilbert-Riemann  boundary  value  problem  is  not  necessary.    Section  4  is  de- 
signed to  indicate  that  the  method  of  Section  3  can  be  extended  and  used  to 
solve  other  types  of  functional  equations  whose  kernels  have  singular  parts 
which  are  simple  poles. 

2.    The  Standard  Procedure. 

In  order  to  compare  and  contrast  the  staindard  method  with  the  meth- 
od given  below,  let  us  first  see  how  the  standard  method  is  used  to  solve  the 
equation 


(2.1)  (i    ^^  dz    =    h{K)H'i)   +   f(S)     . 

where    C    is  a  bounded,   smooth,   closea  cux've  orientated  in  the  counterclock- 
wise direction.     Since  the  form  of  the  equation  is  not  changed  by  a  translation 

+ 
we  may  suppose  without  loss  of  generality  that    D  ,     the  interior  of   C,    which 
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contains  the  positive  side  of    C,     also  contains  the  origin.     V/e  assume  that 
fil)    is  such  that  if    K,    and    z    lie  on    C    then 

|f(z)  -  f(0|     <     IV' |z  -  iP^     .  0  <  \  <  1     . 

provided 


|z  -  ?|     <     6       . 

V/e  suppose  that  the  quantities    1'.,   X.    and  6    are  constants.     In  other  words, 
we  assume  that    f(0    satisfies  a  uniform  HBlder  condition  for    r    on    C;      and 
we  require  the  unknown  function   (/)(0    to  satisfy  the  same  condition.     This 
guarantees,   in  a  simple  way,   the  existence  of  the  Cauchy  principal  value  of 
the  integral  in  (2.  1).     For  the  moment  we  assume  that    h(if;)    also  satisfies  a 
uniform  Hcjlder  condition,   and  that  neither    h(i£)  +  ni    nor    h{'0  -  fi    vanishes 
on    C. 

The  idea  of  introducing  the  function 


/      <^<^> 


(2.2)  F(w)    =     (^     -i^^^^  dz 

i        z  -  w 

to  facilitate  the  analysis  of  (2. 1)  is  due  to  T.   Carlernan.     This  function  is 
sectionally  holornorphic  --  it  is  analjrtic  for    w    in    D  ,     it  is  analytic  for    w 
in    D      --  and  it  vanishes  like    1/v/    as    w    approaches  infinity.     The  limit 
values  of    F(w)    as    w    approaches  a  point    C    on    C    in  a  nontangential  direc- 
tion from    D      and    D      are  respectively  given  by  the  Plemelj  formulas 

(2.3)  f"^(U    «    Jri^(U    +     fr     ^^  dz     , 


(2.4)  F   (<,)    =     -  7ri<^(U    +     f^     r^  clz 
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The  subtraction  and  addition  of  (2.  3)  and  (2,  4)  yield 


(2.5)  ^(O    =     tAt[f'^(?)  -f"(0]      . 

.iTTl 


(2.6)  ^  rH  "^^  '  I  tF"*"(o  +  F'(nj 


and  the  substitution  of  these  values  in  (2,  1)  gives 

(2.7)  [h(C)  -  TrijF^O    -    [h(U  +  7ri]F"(?)    =    -  27rif(t-)     . 

The  problem  of  solving  the  equation  (2. 1)  has  now  been  reduced  to  a  Hilbert- 
Riemann  boundary  value  problem.     This  is  the  problem  of  finding  a  section- 
ally  analytic  function    F(w)    which  satisfies  the  barrier  equation  (2.  7)  aaid 
which  possesses  properties  implied  by  the  integral  representation  in  (2.  2). 
After  such  a  function  has  been  found  the  corresponding  solution  of  (2. 1)  is 
given  by  (2.  5). 

If  we  assume  that    F(w)    can  be  factored  in  the  form 
F(w)  =  F  (w)F-(w),     where    F  (w)    is  an  appropriate  solution  of  the  homo- 
geneous equation 

(2.8)  (h(!^)  -  7rijF^(U    -    [h(U  + '^iJF^(0    '    0     . 


then    F.  (w)    must  satisfy 

(2.9)  fUk)  -  f:(o  -         ^"'^^^^ 


^  ^  [h(|;)  -7rilF^(U 

As  can  be  seen  from  the  Plemelj  formulas,  the  general  solution  of  (2.  9)  is 


Fj(w)    »    -  ^ 


f(z) 

[h(z)  -  7ri]F   (z)'(z  -  w) 


dz    +   p(w)     , 


where   p(w)    must  satisfy   p  (U  *  p  (U. 

Although  we  can  proceed  with  any  solution  of  {2.  3)  such  that    1/F  {z) 

is  continuous  on    C,     it  is  most  convenient  to  seek  a  solution    F  (w)    which  is 

o 

analytic  in    D      and   D   .      The  homogeneous  equation  (2.  3)  can  be  written 


(2.10) 


InF  (O    -    InF  (U    =    In  r(V     . 
o  o 


where 


r(?) 


HK)  +    TTi 

h(l)  -  ni 


If   In  r(S)    is  HBlder  continuous  on    C,     an  obvious  solution  of  (2.  10)  is 


^^^o<^)    =     2;^ 


1        /     In  r(2) 


z  -  w 


dz 


V/e  need,  however,  to  provide  for  the  fact  that   In  r(z)    may  change  by  a  non- 
zero integral  multiple    m   of    27ri    as    z    traverses    C.      The  integer    m    is 
the  index  of    r(z)    on    C    and  it  is  given  by 


m 


1      c 


r'(z) 
r(z) 


dz 


Let  us  take 


r 


F   (w)    = 
o 


) 


G  (w) 

o 


'^     G  (w) 

o 


V      w 


m 


w    in    D        , 


w    in    D 


.<>«•• 


t:- 


■^ 


With  this,   equation  (2. 10)  becomes 


(2.11)  InG'^(S)    -    lnG"(l')    =    In  ^^ 

o  o  .  m 


and  this  is  satisfied  by 

G  (w)    =    exp  ^r^T    ©■     In  [^^J  ~ dz 

o  2in    T  m      z  -  w 

We  now  have 

r 

(2.12)  F(w)    =    -F  (w)     (h- '^~' dz    +    F  (w)p(w)     . 


f  n 

L      [h(z)  -  TTiJF   (z)(z-w) 

where   p(w)    must  be  an  entire  function.    Since  F(w)    must  behave  like    1/w 

as    w  —  M    and  since    F  (w)  -^  l/w  ^     as    w  -<•  w  it  follows  that   p(w)    can  be 

no  more  than  a  polynomial   p       ,  (w)    of  degree  m  -  1    if    m  >  0.      If    m   <  0, 
p(w)  =0.      If    m  <  0.     F(w)    exists  only  if 

/         F^(w)       (L ^-^ dz    =    0      . 


,^     [h(z)  -  7ri]F  (z)(z  -  w) 
w->  CO  C  O 


that  is,   only  if 


(2.13)  ^     ^    ^^^^       —  dz    =    3     .  k  =  0.  1,.... -(m+1) 

J^     [h(z)  -7ri]F^(z) 

The  substitution  of  (2. 12)  in  (2.  5)  gives  the  solution  of  (2.  1).    It  is 
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The  analysis  we  have  just  presented  follows  that  given  in 
Muskhelishvili's  book  [1], 

Let  us  assume  now  that  each  of   h<g)  +  Tri    and   h(?)  -  ni    is  analytic 
in    D    +  C    with  simple  zeros  in    D      respectively  at 


'k     ' 


k.     -     1  ,    li,    .    .    .   ,   Ti-  , 


^  ■ 


k  =  1,2, 


n. 


For  this  case,  the  index  of 


h<U  -  iri 


is    m  =  n,   -  n^.      '/Vith  these  assumptions  the  function    G  (^    is 
X  ^  o 


o 


=    exp  !  In  ^^    +    r^    ^    In  [ 
(         ^m  2Tn     f 


r(z)   :  1 


Jr 


m  '  z  -  S 


dz 


]■ 


where    C-    is  a  path  in   D      containing  the  zeros  and  infinities  of   r(z)/z 
An  integration  by  parts  gives 


m 


o 


In 


,m 


hiO 


+_£i"l 

-    TTi  J 


exp     I 


h(S) 


2in    I        |_ 


m   .      h'(z) 


z        h(z)  +  7ri 


_      h'(z)     1 
h(z)  -''■ij 


;ln(z-Od2 
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and  the  theory  of  residues  shows 
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G  (y)    = 
o 


h(U  +  ?i 

h(0   -  TTi 


2 

T  a 

k=l 


^i<> 


n 


1 


IT  (s 

k=l 


\^ 


Hence  the  solution  of  the  integral  equation  (2,  1)  is 


4>{^) 


(2.15) 


h(Uf(0  1 

h^U  +  ^'  '  t^^^^-'^i^ 


lT(z-\) 


Tr(s-\) 


f(z) 


jr  .        ^    x       [h{z)  +  7rij(z  -  U 


7-\dz    -  p 


"l 


-n^-1 


(V 


provided    h(0    satisfies  the  analyticity  assumption  stated  above. 

After  some  manipulation  and  use  of  (2.  13)  when    n-  >  n  ,     equation 
(2. 15)  can  be  brought  to  the  form 


m) 


h(nf(g) 


1 


f 


f(z) 


(2.16) 


h(i)-7ri       Y      [h(z)  +  ;:i](z-U 


n^-1 


dz 


n 


1 

[h(0-ffij    IT   C;  -cy.) 
k=l  ^ 


where    i-        -(?)    is  a  polynomial  of  degree    n    -  1.      The  arbitrariness  of  the 
solution  implied  by    P        .VI)    can  only  be  removed  by  imposing  side  condi- 


1 


tions  on   <i>{^). 
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The  solution  (2.  16)  of  (2.  1)  can  be  obtained  more  easily  without  the 
introduction  of  a  Hilbert-Riemann  problem  if  we  use  the  following  technique 
which  may  be  new.    Introduce 


(2.17)  F(w)    =     (j} 


4>(z)       , 

QZ 


Z    -    W 


and  hence 


(2.13)  f"*"(0    =    7ri</>(0    +     ^     -^   dz      . 


If   (^(z)    is  to  satisfy  (2. 1)  v/e  must  have 

(2.19)  F^iO    =    [7ri  +  h(O]0(i;)    +    f(?) 

or 

(2.20)  HI)  -  Sferrf^  • 

The  substitution  of  this  in  (2.  1)  gives 


<2-2^'        ^  t[^:U("-!)  '^^  =  w^>*«'  ^  «^> 


In  accordance  with  our  assumption  the  zeros  of   h(l,)  +  ni    lie  in  a  domain 
D-    which,   with  its  counterclockwise  orientated  boundary    C, ,     is  contained 
in    D  .      In  the  integral  involving    F  (z)    in  (2.  21)  let    C    be  contracted  into 
C   .      Since    F(v/)    is  analytic  in    D  ,     equation  (2.  21)  gives 

h(^)M?)  +  f(0    =    Pr^-    I    „.,J^L^^     ,.    +    /  ^^'■^^'' 


h(U  +  7ri  r      [h{z)  +  ^ij(z-U  f        [h(z) +  7ri](z  -  ^ 


{'•,:- 


10 


or,   using  (2.  19), 


r         [h(z)  +  7ri,(z  -  i) 

c 
^1 


from  which  we  find 


■ty\         -      ^(g>^('^)  1  I  f(z)  dz 

'*'^"'    "  h^O  +  TT^     '     [h(i>)-7ri:     J      [h(z)  +  ^ij(z  -  O 


(2.22) 


[h(U-7ri]      f 


^  -  ^  F(z)  dz 


[h(U  -  TTi]       r         [h(z)  +  7rij(z  -  U 

^1 

+  + 

If    h(z)  +  TTi    is  analytic  in    D     +  C    with  simple  zeros  in    E      at    a  , 

k  =  1,  2,  . . . ,  n^ ,     equation  (2.  22)  is  the  same  as 

....  h(g)f(^-)  1  /'  f(z)  dz 

'     '    h^(<:)+7r2     "[h(^^)-7rij      f     Nz)  +  7riJ(z-0 

(2.23) 


"l 

1 

s  ^ 

"k 

[h(k')    -   TTij 

k=l 

'^   -\ 

+   - 


which  agrees  with  (2.  16).     Thus  we  see  that  the  n-.3thod  which  has  just  been 
used  leads  quickly  to  a  form  of  the  solution  of  (2.  1).     The  analysis,  however, 
is  not  complete  until  we  find  the  special  values  of  the  constants    c  ,     and  the 
conditions  on    f(z),     that  are  required  for  (2.  23)  to  actually  satisfy  (2. 1).     V/e 
return  to  this  point  below  in  connection  with  a  more  general  equation. 
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3.     The  Kernel    K(z,  Ql  {7.  -  U. 

Liet  us  consider  the  equation 


(3.1)  ■       0^     K(^.m(^)clz     ,_    ^^^^^^    ^    ^^.) 


where    C,  ^{'i)  and  f(n    are  required  to  satisfy  the  conditions  imposed  for 
equation  (2. 1).     Most  of  the  extensive  work  on  equation  (3.  1)  is  based  on  the 
determination  and  study  of  equivalent  Jradholiii  equations.  It  has  also  been 
explicitly  solved  fo.^  kernels    K(z,  0/(z  -  O    of  such  character  that  (3.  1)  is 
reducible  to  a  barrier  equation  to  be  satisfied  along    C    plus  other  paths.     See 
Gahov  [2j.     V.'e  proceed  to  show  that  a  simple  function  theoretic  method  can  be 
used  to  find  the  explicit  solution  of  (3.  1)  provided  the  following  conditions  are 
met: 

1.  K(z,  v/)    is  an  analytic  function  of  either  variable  when  each  of   z 
and   w    is  in    D    +  C. 

2.  h(U    is  analytic  in    D    +  C. 

3.  Neither    h(!r) +7riK(L  O    nor    h(!:)  -  7riK(l%  c,)    vanishes  on    C. 

4.  K(i;,  U^  0    for    I    on    C. 

These  conditions  do  not  necessarily  im.ply  that  (3. 1)  can  be  reduced  to  a 
Hilbert-Faemann  problem. 
The  function 


(3.2)  F(w)    =      i     -^^^^'^^^^^^    dz 

/  z  -  w 


+ 
is  analytic  for    w    in    D      and  we  have 
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(3.3)  F^O    =    nimA)M^)    +     ^     ^"^(^''^Miz)    ^^ 

z  -  ^ 


Since  (3.  1)  is  to  be  satisfied,   this  limit  value  is 


(3.4)  f'^(?)  =  [h(o  +  TiK(i:,o]<^(U  +  m) 


from  which 


(3.5)  Ut)    -         ^'(^>-f<^> 


[h(U  +  5iiK(?,b)j 
The  substitution  of  this  in  (3.  1)  gives 


f'^(z)K(z,  Odz  J  f(z)K(z,  ?)dz 


[h(z)  +  7riK(z,  z)J(z -O  /       [h(z)  +  7riK(z,  z)j(z  -  O 

(3.6)  ^  ^ 

=    h{^)H':)    +    f(U      . 

Let    C      be  a  counterclockwise  path  in    D      and  let  it  be  the  smooth  boundary 
of  a  domain    D  ,     in    D  ,     which  contains  not  only  the  zeros  of   h(z)  +  7riK(z,  z), 
but  also  for  reasons  evident  later,   the  zeros  of   h(z)  -  7riK(z,  z).      The  de- 
formation of    C    in  the  first  integral  of  (3.  6)  into    C      produces 

H(U<^(?)    +    f(r)    =     -i^^iWir.O     _     /  f(z)K(z,Odz 


h(0  +  ^iK(r,i,)  T'      [h(z)  +  7riK(z,  z)j(z-0 

C 


F(z)K(z,  ^)dz 


[n(z)  +  7riK(z,  z)j(z  -  i) 
C 


or,   from  (3.  j) 


.•s..; 


5  ■  '/?;■;  :i^,!: 


f(2)K(z,  g)dz  _^     /         F(z)K(z,Odz 

[h(z)+^iK(z.  z),{z-U  j     lh(z)+7riK(z.z)i(z-':)  • 

o 
Hence  we  see  that    (l:{'{)    can  be  expressed  as 

Alr^         _  h(nf(!:)  1  /       f(z)K(z,Odz 

'         k2,.x^   2^2.,,    ...     ■    [h(U-^iK(l-.Oj     r  [h(z)+7riK(z,z)i(z-i:) 

(3.7) 

1  /  F(z)K(z,  ndz 


[h(l)-7riK(C,  UJ      /       Lh(z)+^iK(z,  z)j{z-s) 

o 

Since    F(z)    is  analytic  in    D  ,     the  integral  along    C      can  be  calcu- 
lated in  terms  of  prescribed  functions.    If   h(z)  +  7riK(z,  z)    possesses  no 
zeros  in    E      then  the  integral  along    C      is  zero.      If  the  zeros  of 
h(z)  +  7riK(z,  z)    in    D      are  situated  at    a        k  =  1,  2,  . .  . ,  n^^,     and  if  the  mul- 
tiplicity of   a      is    m,     we  can  write 

^1       ^ 


F{z)K(z.?)dz  ^    Z]2_.^c,..H..jS)     , 


J       [hiz)  +  7riK(z,  z)j(z-0  ^'  '^'  ^kj"kj 

C 
o 


where     X      c,  .  K,  H)    is    27ri    times  the  residue  of 

F(z)K(z,  •0/[h(z)  +  7riX(z.  z)j(z  -  »:)    at    z  =  a'   .      In  fact,   if    ^(z)    is  a  poly- 

n^  K 


al  of  degree    (x       m,  )  -  1.     the  supposition 

(z)  Q(z) 


nomi  .,  .^ , 


h(z)  +  7riK(z,  z)  n 

i  m. 

IT  (z  -  ^,.) 
k=i        ^^ 


i    i. .  : 


14 


leads  to  no  loss  of  generality;    then,   using  the  partial  fraction  expansion. 


o 


(z) 


n 


1  m,  k  =  l     i  =  l      {z-a)^ 

k=l 


ic 


we  can  write 


Jn 


"l      '"k 


F(z)K(z,  Hdz 


[h(z)  +  7riK(z,z)J(z-S) 


=  2.Z; 


K(z,  Udz 


k=i  j=i  ^^  y  (z-u(z-a,)j 


T, 


k' 


^1     '^^ 


27ri       a^'^    nc(z.  I')' 


z=a. 


where    7,     is  a  circle  centered  at    a.     and  containing  no  other  zero  of 
k  k  *^ 

h(z)  +  7riK(z,  z).      It  is  also  possible  to  express    c    .    in  terms  of  integrals 
involving   ^Kt.)    because  we  can  write 


F(z)K(z,  r)dz 


P 


T<(z,  I) 


[h(z)  +  >,ix'(z.  z),{s-i)     ~      r    [h(z)  +  7riK(z,  z)j(z-l)      / 


/  K(t.  z)(^(t)dtdz 


t  -  z 


J  n 


C 


P    <^(t) 


I 


K(z.  UK(t,  z) 


Ln(z)  +  7riK(z.  z):(z  -i){\  -z) 


dz  dt  . 


Thus  we  conclude  that  if  a  solution  of  (3.  1)  exists  it  must  be  possible 
to  express  it  in  the  form 
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<^(y)    =    _  Ml')f(l')  1  1         f{z)K(z,  y)dz 


h^(?)  +  7r^K(?    O  [hCU-Triiqi,-.^")]     r   [h(z)  +  7riK(z.  z)](z-0 


(3.8) 

"l      ^^c 


^— rk(rn:£g^i.  / 


K(z.  I )  dz 


/      (z-k'Kz-a  )J 

On  the  other  hand,   a  solution  of  (3.  1)  may  not  actually  exist  unless    f(z) 
and/ or  the  constants    c       are  subject  to  more  conditions  than  we  have  so  far 
admitted.    In  order  to  investigate  this,   let  us  substitute  (3.  6)  into  (3.  1)  and 
use  the  Kardy-PoincarS-Eertrand  formula.     This  formula  has  to  do  with  the 
intei'change  of  order  of  integration  in  the  double  integral  of  a  function  of  the 
type    H(z,  I,  a)/(^  -  a){z  -  l)    which  has  simple  poles.     In  a  form  sufficient  for 
our  purposes,   the  formula  asserts  that 

H  (z,  U        [   H.(t,z) 

_i (L   _£: cltdz    =    -  TT    KA{,i)HSi/^) 

Z—    l/t—    Z  1  "5 

/     r  H^(z,  !:)H2(t.z) 

■V     (t    (k    —. -rrr^ r-  dz  dt 

J^    j        (z  -  l){t  -  z) 

^X  ^  C 

provided    H  (z,  U,     K^(t,  z)    satisfy  uniform  liBlder  conditions  with  respect  to 
each  variable.    As  a  partial  fraction  expansion  shows  we  can  write  the  last 
equation  as 

K Az.'O       f  H  (t.'z)  2 

-r — :—     <k   -r ^tdz    =    -Tr''l-L{s,OH,(L'C) 

z  —  s/t-z  1  <i 


+     ir  -^      C^   H.(z,  i;)I-I_(t.  z)[-^  - -i-]dzdt     . 

'^t—  '^  /  1  £>  Z-i,  Z-t 
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The  result  of  using  this  formula  after  substituting  (3.  3)  in  (3.  1)  is 


f(t) 


r 


K(t.  z)K{z,  O 


J_        _1_"1 

[h(t)+7riK(t.t)j    (t-U    f    [h(z)-7riK(z,  z)]     z-t    "  z-t   | 


dzdt 


n,      r 


K{z,  n 


1      ^^ 
1       ^^  y  ch         K(t.  z)  ,^  , 


[h(z)-.iK{z,z)j    (z-U—  ^     kj     ^     (t-z)(t-^,)J 


k 


"l      ^^ 

h(^)         T^v^ 


X(t.  i)dt 


l^j     /        (t_i;)(t-a,  )J 


and,   after  deforming  the  path    C    in  the  second  terra  above. 


-^ 


f(t) 


r,    <^ 


^, 


K(t,  z)K(z,  U 

[h(t)+7riK(t,  t)J    (t-i:)    T      [h(z)-:/riK{z,  z)] 


Z-'; 


1 

z-t 


dzdt 


(3.9) 


r 


"i    ^\ 


K(z.  r) 


1 


/ 


c,  . 


K{t.  z) 


7c  ^^-^''^'-^^  <^-^'>t^K  '^ ;  (t-z)(t-.j3 

o  \ 


dtdz 


k 


c,  . 


kj 


i-^ 


K(t.U 


k=i   j=i     "-•  y^^    (t-^)(t-«j^)J 


dt     . 


Since  the  satisfaction  of  (3.  9)  proves  the  existence  of  the  solution  (3.  a)  of 
(3. 1),   we  will  refer  to  (3.  9)  or  one  of  its  equivalent  forms  as  the  existence 
condition. 
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The  existence  condition  (3.  9)  can  be  expressed  in  different  ways.     Let 
us  assume  hereafter  that    K(z,  z)  ^  0    for    z    in    D    +  C.      The  sum  on  the 
right  of  (3.  9)  can  then  be  written 


k=l     3  =  1       ^'J    ,/       (t-l){t-a^9 


"l      "h. 

2TTi      ^1 — '    ^ ' 


K(z,  O       1 


k= 


FT    f 


K(t,  z) 


r  j^  ^j  Z  ^^<^'^)<^-^'^  /  (t-.,)j(t-z) 


dtdz 


T^-        k 


"l      ^^k 


r 


1       J     K(z,  !:)       1       ^p^:;^  /  X(t,z) 

C,   .      ^      ^ r    dt  dz 


i47ri     I      I 
C 


cu,z)  zH'    frrfrr    kj/      (t-z)(t-.,)J 


as  an  interchange  of  order  of  integration  shows,   and  consequently  we  can 
combine  the  last  integral  with  the  second  integral  of  (3.  9)  to  get 


f(t) 


[h(t)+vriX{t,  t)j    (t- 


1       .     /       X(t,z)K(z,  n     .   r  1  1 

-5)       /       [h(z)-7riX(z.  z)]      Iz-U    "   z-t 


dzdt 


27ri      r      (z-;;)X(z,  z) 


h(z)+;riK(z,  z) 
h(z)-7riK(z,  z) 


"l      ^c 

rz 

k=i  j=i 


/> 


■     -  '     ^^J  ./       (t-z)(t-a.  )^ 


T, 


or 
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n 


T    P 


K(z, S) 


(3.10) 


27ri     Y     (z-k)K(z.  z) 
o 


h(z)+;riK(z,  z) 
h(z)-a-iK(z,  z) 


"l      ^"^k 


P 


-     k=l    3=1 
P 


f    X(t.  z)dtdz 

^'j   J       (t-z)(t-a,  )J 
\  k 


_     ff^  K(z,  ^) J         f(t)K(t,z) 

r      (z-i:)[h(z)-7riK(z.  z)]        r  [h{t)-HriK(t.  t)j(t-z) 

o 


dtdz 


which  is  the  condition  for  the  existence  of  a  solution  of  (3.  1)  when    X(z,  z)  /  0 

+ 
for    z    in    D     +  C.      ITote  that 


^      ^^k 


[h(z)  +  7riK(z,  z)] 


1.    > 


.,  c, 


K(t.  z) 


k=l    j  =  l       "^   ./        (t-z)(t-t^,  )^ 


dt 


T 


k 


is  an  analytic  function  for    z    on    C      or  in  its  interior,   and  so  also  is 

o 


f(t)K(t,  z) 


"C 


[h(t)  +  7riK(t,t)](t-z) 


dt 


since  z  in  this  integral  as  it  appears  in  (3.  10)  is  in  the  interior  of  C.  The 
integrals  in  (3. 10)  can  therefore  be  easily  evaluated  in  terms  of  the  residues 
at  the  zeros  of   h(z)  -  7riK(z,  z)    and    h(z)  +  7riK(z,  z). 

Suppose  next  that    h(z)  -  7riK(z,  z)    does  not  possess  any  zex-'os  in 

+ 

D    +  C.      Then  (3. 10)  is  automatically  satisfied  and  we  have  proved  that  the 

solution  of 


J 


[    K(z,  U(f.(z)    , 

"" QZ 

Z    -   <> 

C 


^ 


UDH'O  +  f(>) 


IS 
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^(5)    =    -  h(Uf(0  1  4.         K(z,  V)f(z)dz 


h^(U-Hr^K^(<.    U  [MU-7riK(^,  L)]     T  [h{z)+;riK(z.  z)j(z-n 


(3.11) 


^  1 /  F(z)K(z,  Udz 

[h(y)-7riK(iJ,c)]     Y      [h(z)+7riK(z,z)j(z-'C)     ' 


where 


h(z)    -    7riK(z,  z)   yt    0     ,  K(z,  z)   7^    0 

for    z    in    D    +  C    and    F(z)    is  an  arbitrary  analytic  function  for    z    in 
D    +  C.      The  formula  (3.  11)  subsumes  some  well-known  results,   and  others, 
which  if  they  have  ever  been  noted,   are  not  so  well  known.     For  example,   if 
K(z,  l)=  I,     and    HO  =  -,     (3,  H)  shows  that 


I   ^^^ 


(3.12)  0^    ^^^   az    =    y.m)    +    f(U 

z  -  *, 


is  satisfied  by  the  well-known  solution 


iiaj K__   A.  _«-).  ,, 


(3.13)        m  -  -  4^  -  V-T  ^  r^ 

\       +   TT  >.       +   n-         o/^ 

provided    X^  +  7ri.      Again,   if,   for  exaniple,     X(z,  O  =  K(z-':)    with    K(0)  =  1, 
and   h(z)  -  ni    does  not  vanish  in    D    +  C,     (3.  11)  shows  that  the  solution  of 

(3.U)  i    K{z-\H(z)    ^^    ^    ^^^^  ^    ^(.^j 

r        z  -  i 


is 
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,,,.,  h(Of(U  1  /      K^z-Uf(z)        . 

'^^^'    '     "    ,2,,,^     2     ~    [h(i:)-7ril      r    [h(z)  +  7rij(z-U 


h"(0  +  7r''  ^"^^'      ••^-    J^ 


(3.15) 


,  1  J.  F(z)K(z-';) 

[h(U-7ri]       r       [h(z)  +  7ri](z-t)  • 

o 


As  a  particular  case  of  (3.  14)  we  see  that  the  solution  of 
(3.16)  ^   K(z_;ii)i(zl  dz    =    >.<^(>i)    +    fCO 


^C 


z  -  t, 


IS 


/o   ,r,x           ,/.,x                 /\f(n                  1             7    K(z-nf(z)    , 
(3.17)  0(O    =    -    -2—2    -    -2—^      0^    -^-r-^ dz 


«^ 


+ 


provided   ^  r  "^  ^ri.      As  another  example,   if   K(z,  z)  7^  0    for    z    in    D    +  C, 
the  solution  of 


(3.13)  (^    K^JMMdz    =    f(n 


IS 


/Q   iQ\  ^/.^  1  i         K(z,  >f)f(z)      , 

^'-''^  ^^'^  ~-  -  :t7— :  r  k(z.z)(z-,)^"  • 

77   K(U  ^)     ,;^ 

Many  other  special  cases  of  (3.  11)  could  be  noted,   and  we  could  of  course 
also  examine  some  of  the  equations  which  result  when  we  specialize    C    -- 
regard  it,   say,   as  a  circle.     V/e  refrain,  however,   from  further  pai'ticulari- 
zations  at  this  time  because  it  is  more  interesting  to  go  back  to  (3. 10). 
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Let  us  return  to  a  consideration  of  {3.  10)  and  suppose  that 
h(z)  -  7riK(z,  z)    does  possess  zeros  for    z    in    D  .      Fo.-  simplicity,   take  the 
case  in  which    h(z)  -  7riK(z,z)    possesses    n_    simple  zeros  in    D      at    z  =  |3  , 
.1  =  1,2,...,  n„.      No  one  of  these  zeros  can  coincide  with    a,  ,     a  zero  of 
h(z)  +  7riK(z,  z),     because  if  this  were  the  case  we  would  have 

h(.3,)    =    7riK(/3^.i3,)     , 


^:l  -  \ 


h(Q',  )    =    -  TTi  K(q',  .  a^  ) 
k  k     k 


from  which,  by  subtraction,     K(|3^,/j   )  =  0    which  contradicts  our  assumption 
K(z,  z)  5^  0,     z    in    D  .      The  circles    7      in  (3.  10)  can  therefore  be  taken  so 
small  that  each  contains  no   jS,^.      Let  us  also  assume,   for  simplicity,   that 
the  zeros  of   h(z)  +  7riK(z,  z)    are  simple,   i.  e. ,     m     =  1    in  (3.  10),   and  let  us 

write    c,  ,   =  c,  .      Then  the  evaluation  of  the  integrals  in  the  existence  condi- 

kl         k 

tion  (3. 10)  gives 


"2  "1 

^^       K(i3,,i:)  27riK(/3,./3,)  ^"^  r      K(t.i3,) 

^   (/3,-UK(/3  ,/3,)'[h'(/3,,)-7riK'(/3"^,/3,)j*  f-j'  \     f  (t-/3  JU-a^  )  ^^ 


"2 


KO^.  u  r      f(t)x(t./3,)dt 

^'''  '^'  (3    -U)[h'(/3,)-7riX'(3,,,8,,)j  *      f   [n(t)+7riK(t.t)j(t-/3,,)      ' 

This  iinplies  that  if  a  solution  is  to  exist,   the  constants    c      and  the  pre- 
scribed  function    f(t)    must  satisfy 

^1 
r^.  c^J<{a^^,ftJ  f       f(t)K(t,  i3^)dt 

^^'^^^  k^        \-^r       '    /    Wt)4-^iK(t,t)j(t-/3,)     '       --  =  ^'2 V 
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This  is  the  existence  condition  v/hen  the  zeros  of    h(?)  -  7riK(?,  ^)    and 
h(?)  +  ir iKi'i,  O    are  simple. 

V/e  have  here  in  (3.  20)  a  system  of    n^    linear  algebraic  equations  for 
the  determination  of   n.     constants.     The  analysis  of  a  system  of  this  t3rpe  in 
terms  of  the  rank  of  the  matrix  of  the  coefficients  of  the  unknowns,   and  the 
augmented  matrix,   is  so  well  known  that  it  need  not  be  repeated  here.     We 
remark,   however,  that  if   f(t)    is  specified,  then  such  an  analysis  leads  to  one 
of  three  conclusions: 

1.  The  system  is  inconsistent.     In  other  words,   it  is  not  possible  to 
find  a  set  of  constants     \  c,    \     which  satisfies  (3.  20).    In  this  case,   a  solu- 
tion of  (3.  1)  does  not  exist. 

2.  The  system  (3.  20)  is  satisfied  by  just  one  set  of  values  for 
I  c     e  .      In  this  case,   (3.  1)  possesses  a  unique  solution. 

3.  The  constants    c      are  linearly  dependent  on    r  <  n      of  their 
number  which  may  be  assigned  arbitrary  values.    In  this  case,  the  solution  of 
(3. 1)  [as  we  see  from  (3.  3)]  is  given  by 

Hl)m)  1 /  f(z)K(z,  g)dz 

^'^^J'^r,',s^^     "    [^i(-.)-'^iK('t,UJ      r    [h(z)  +  7riX(z,  z)](z-l') 


h"(S)  +  7r"K(Ll')  '*""      "-^''"^"    J 


C 


2.i  ^    \-(V^> 


[h(l,)-7riX(V,Uj    '    ^         »j^  -  I 

which  contains    r    arbitrary  constants,   with  the  remaining  constants  to  be 
determined  by  (3.  20).     The  arbitrary  constants  can  be  determined  numerically 
by  imposing  side  conditions  on    (f>{^). 


■'•I 


ylln")' 
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We  also  note  that  the  analysis  of  (3.  20)  can  be  related  to  the  solutions 
of  the  adjoint  homogeneous  equation  associated  with  (3. 1)  namely 

(3.21)  •      /    KV^zhHzUz     __    _i,(.,)^(^)      . 


/ 


z  -  s, 


Under  the  assumption  that  the  zeros  of   h(t//)  +  7riX(z,  z)    and   h(z)  -  7riK(z,  z) 
in    E      are  simple,   the  solution  of  (3.  21)  is 


""2 

which  can  be  read  off  from  (3.  3).     '7e  deduce  from  (3.  10)  [after  we  replace 
K(2,  O    with   K(S,z)    and   h(z)    with    -  h(z)]    that  the  constants  in  (3.  22)  must 
satisfy 


"2 


K(»j,.^,) 


(3.23)  /       a,  "    ^     =    0     ,  k  =  1.2,  ...,n,      . 

i  =  l 


-.2     c^,    -  13,     '    "     '  "      ^'" 1 

k         1 


Now  if  we  multiply  the  i-th  equation  of  (3.  20)  by    a,    and  add  the  equations  we 
have 


T — r'      k    '^-— r'        <^,    - 


^     k    4^       Oj^-^,  J    [h(t)  +  7riK(t.t)]     ^-       t-i3, 

and  hence  from  (3.  23)  and  (3.  22) 

f(t)/y(t)dt    =    0 


J^ 


.<■} 
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In  other  words,   a  necessary  condition  for  the  existence  of  a  solution  of  (3. 1) 
is  that   f(t)    be  orthogonal  to  each  solution  of  (3.  21).    It  can  easily  be  proved 
that  this  condition  is  also  a  sufficient  condition. 
The  solution  of 


(3.24)  j>     ^(^'^^l^^^^^^    =   UDHl)   +  f(U 

is  more  simple  than  what  we  have  above  if    f(z)    is  analytic  in    D    +  C,      Under 
this  assumption,   with  the  analyticity  conditions  already  imposed  on   h(z)    and 
K(z,  U,     we  can  deform  the  path    C    in  (3.  7)  into    C  .      This  gives 

HI)  1  /        F^(z)K(z,  Udz 

(3.25)  </.(?)    =    -    h(U-TiK(Ll')    "^    [h(U-TiK(l%i)]  f   [h(z)+;riK(z.z)](z-0' 

o 

where    F.  (z)  =  F(z)  -  f(z)    is  analytic  in   D  .      The  solution  (3.  25)  can  be 
written 


*^'''    ■  [h(S)-7riK(S,Uj 

(3. 26)  n       iTL 


+ I y  y^  b   /  ji(z.s)dz 


[h(<;)..iK(^,U]    tTI^    kj  /    (,.u(,-.)J 


and,  if   K(z,  z)  ^  3,    the  existence  condition  is 


•,3.-^  ■■^^''-  riJ 


. «  C  .    ■T:;^.;    *.-•■  i 


:.     »U-    !).:•.    \i.  1 


:      if 


?:^UK' 


g..^.:j 


e-it  ^      .'''  ■>^-    C*    ^.1.  ''  i 


■  r.-  *••-  *"■•- 


-V:i' 


^.   •>*•. 


^^' 


t^.:'i   -    >>:>":  >   • :.; 


iX'  --ivjt  r«.  J?".- 


■    ^n 


J»  ;   . 


#:t  i/crfe/.*;;':/  4  v- 


. .  ^  u  .^. 
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L_     £       K(z,  t)  rh(z)+7riK{z.  z)! 

:ffi     f  (z-i>)K(z.  z)  '  |_h(z)-7riK(z.  z)J 


o 
(3.27) 


V",         i   K(t,z)dtdz      _      J  f(z)K(2.  Udz 

^  'kj  7  (t.z)(t-a.  )^     "   Z    Wz)..iK(z.z)](z-U 


k=l    j=l        •*  J     (t-z)(t-a,  )•'  / 

We  conclude  this  section  with  a  brief  summary  of  the  technique  we 
have  used.  Subject  to  the  stated  analyticity  conditions  on  K(z,  %)  and  h(0 
we  have  seen  that  the  equation 


t 


(3.23)  ^^K(z^m(z)dz     __    ^^^j^^.j    ^   ^.^^^ 


can  be  written 


[Ul)  +  iri¥Xi,l)]Ht)    +    f(^')    =      (k   ^^"^'^l^^^^^"^     +    7ri,^(UK(LU 


(3.29) 


+    f(l,)    =     (k 


^'^a)   . 


where    F  (?)    is  the  HBlder  continuous  limit  value  on    C    of  a  function    F(z) 
analytic  in  the  interior  of   C.      If  we  solve  (3.  29)  for    (^(l)    and  substitute  in 
the  integral  of  (3.  2j)  we  have 

UtY\AI'\     a.     fl->\  rl  ^^     (Z)K(Z,  UdZ 

h(U0(i,)    +    f(*>)    =     qir  r.  ,   >■ 


T  [h(z)+7riK(z.  z)j(z-'0 
(3.30)  ^ 


X         f(z)K(z.  Udz 

r    [h(z)  +  7riK(z.z)j(z-U     • 


v>^^ 


.  ■>;     .»:•■ 


i.'i- 


.^i 


-t-*..  .■ 


^■i:  '^         fn--'- 


...> 


..) 


u- 
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The  deformation  of  the  path    C    in  the  first  integral  of  (3.  30)  into  a  path   C 


o 


in    D      which  contains  in  its  interior  the  zeros  of   h(z)  +  7riK(z,  z)    and 
h(z)  -  3riK(z,  z)    shows  that  if  a  solution  of  (3,  2o)  exists  it  must  be 

hiVm)  1  ./        f(z)K(z.  ?)dz 

<3. 31) 


^^^      ■    "    h^U-Hr^K^(g,0    ~    WO-JTiKCS.UJ   j^[h(z)-HriK(z,z)Kz.O 


)T-    / 


1  .     J  ?(z)K(z,  ?)dz 


[h(?)-7riK{?.  Oj       7^     [h(z)-hriK{z.z)](z-?)     ' 

o 

Since  F(z)  is  analytic  in  D  ,  the  second  integi-al  in  (3.  31)  can  be  evaluated 
by  the  theox-y  of  residues.  In  tliis  way  a  form  of  the  solution  of  (3.  28)  can  be 
readily  found  without  a  consideration  of  a  Hilbert-Riemann  problem. 

The  second  integral  in  (3.  31)  will  involve  a  number  of  constants 
c.  .    equal  to  the  number  of  zeros  {counted  with  respect  to  multiplicity)  of 
h(z)  +  wiX(z,  z)    in    D  .      If  (3.  31)  is  actually  a  solution,  the  constants  can  be 
determined  by  substituting  (3.  31)  in  (3.  2 J).     The  result  of  doing  this  is  the 
equation  (3.  9)  which  leads  in  general  to  a  system  of  linear  algebraic  equations 
to  be  satisfied  by  the  constants    c,  .. 

If   K(z,  z)  ^  0    for    z    in    E     +  C,     and  if   h(z)  -  7riK(z,  z)    possesses 
no  zeros  in    D  ,    then  (3.  9)  is  automatically  satisfied  and  the  solution  of 
(3.  2'j)  is  di.ectly  given  by  (3.  31). 

As  we  have  seen,  the  method  of  this  section  can  be  used  to  find  the 
solutions  of  a  considerable  number  of  equations  which  appear  in  the  litera- 
ture.   It  is  particularly  useful  for  the  solution  of  certain  integral  equations 
for  which  the  interval  of  integration  is    [3,  2it]    and  the  kernel 
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s 

K.(.>,  w)  =  K(e  "^ ,  e     )  =  K(z,  O    is  a  trigonometric  kernel  such  that    K(z,  O    is 
an  analytic  function  in  each  variable  when  each  of   z    and    g    is  in  the  closed 
unit  disc. 


4.    Sonie  Illustrations. 

The  method  described  in  Section  3  is  based  on  the  assumptions  that 
h(z)    is  analytic  when   z    is  in    D    +  C,     and  that    K<z,  w)    is  analytic  in  either 
variable  when  each  of   z,   w   is  in    D    +  C.      Suppose  that  instead  of   D    +  C, 
the  analyticity  conditions  hold  in    D    +  C.      For  this  exterior  case  the  solution 
of  (3. 1)  can  be  found  by  taking  essentially  the  same  steps  as  those  taken  above. 
We  see  this  if  we  introduce 

=     /K(z,w)./>(z)dz 
/  z  -  w 

again,   and  use  the  limit  value  as    w    approaches    I    from  the  exterior  of   C, 
naniely 

f"(o  =  [h(?)  -  7riK(i..i:)]^(U  +  m)   . 

just  as  we  did  in  the  first  case. 

Some  of  the  other  assumptions  that  have  been  made  can  also  be  re- 
laxed,  and  our  raethod  can  be  used  to  solve  several  othex  types  of  functional 
equations  with  Cauchy  kernels.     We  proceed  to  emphasize  some  of  these 
points  by  solving  a  nur-iber  of  illustrative  equations. 


23 


I.     The  integral  equation 
.27r 

COS  0    —   COS  W  1  1 


can  be  transformed  into 


'C:|z|=l 
by  using  the  substitution    e      =z    and    e      =  y.      Equation  (■.  2)  is  an  example 


of 


Z    -    i, 


in  which 


K(z,w)    =         ^ 


zv/  -  1 

is  not  analytic  in    D    +  C,     but  is  analytic  in  each  variable  if    |z|   <  1    and 
|w|   <  1.      '''"e  suppose  that  each  of   WO    and   (i>{^)    satisfies  a  uniform  HBlder 
condition  on    C    and  we  suppose  that  ( i.  2)  is  to  be  satisfied  for    t;    on    C 
excepting    I  =  +1.      For  these  values  the  kernel  of  (1.  2)  has  a  second  order 
pole  at    z  =  +  1    and  the  integral  in  ( i.  2)  will  in  general  fail  to  exist.    Notice 
also  that 


(-.3)      iX0(r)  +  ah  =   i  /  ^'^^^l/^  ,>  =  i^\m)  +  no   . 

i.  i  /       (Zi  -  l)(z  -  i>) 


C 


f;-.MJiv' 


Wf 


^[M^ 


if'-  'CA, 


'w.    .       / 


vjI;. 


.< .   ■  -        fc        I 


■v-.i), 


r  ■ 


c  y  .u  (.   ..  >  to;..      ■• 


■      *     ^ 
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The  limit  value  of 


F(w)    =    (w     -  l)w 


4>(z)  dz 

(z  -  w)(zw  -  1) 


=    w 


z   -  W 


<^(z)dz 


as    w   approaches    ^    from   D      is 


F*(n   '  ^iUHV  +  ^Y^]  +  (S^  -  i)[i>\^(y)  +  f(0] 


If  we  use  (4.  3),     F  (^)    can  be  written  as 


(4.4) 


F^n 


X(r-1)+  2ir^ 


=  im)  +  —^ 


or 


(i.5)         HV    = 


F^y) 


i[^(r-i)  +  2ri] 


7rk'[f(l")  +  f(p)] 


The  substitution  of  this  in  (4.  2)  gives 


i/\(^(k')   +   f(S) 


F'*'(z)dz 


(4,6) 


j^  [/\(z    -  1)  +  27rz](z  -  U(zi  -  1) 


(z^-l)^f(z)dz 


[X^(z^-l)^-  4:r^22](z-U(zi:-l) 


Since    F(z)    is  analytic  for    |zl   <  1    the  first  integral  on  the  right  of  (4.  6)  can 
easily  be  evaluated  by  the  theory  of  residues.     Let  us  suppose  that   /.    is  real 


:  ■'^.)' 
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■>  K-)^  *  i-) 


v.f  -  ;:• 


■    -A 


)k  M\i  ( 


)    ^^    •{.:.;■■  >.  a;-   -^      •■    .   ^ 


w^;    ii 
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2  /   2      2 

so  that  we  have   '\(z   -  1)  +  2ffz  =  \(z  -  z   )(z -z„)    where    z.   =  (-Jr+yx  +7r  )//\ 

/'~2     2 
is  in  the  interior  of   C    and   z     =  (-tt  -y:.  +7r    )//\    is  in  the  exterior.    Then 


(4.7) 


i/\-^(U    +   f(0    = 

nF^o          ,       '^^'^'<F>-^'' 

[.(i;^-l)+27rn(S^-l)         [\(?^-l)  +  2;r^'](l  -?^) 

K,^- 

(^-ZjX^+z^) 

?^?       1                         (Z^-I)^f(z)d2 

'     y^    [\^(z^-ir-47r^z^](z-S)(z5-l) 


From  (4.  i)  and  (4.  3) 


(4.3) 


?.(!  -?^)  +  27r^ 


=  i^(n  +  ^  +  ^—^ — '-- — 

"  [A(r-i)  -  2n] 


Hence,  from  (4.  J)  and  (4.  1) 


n 

F^U 

F^f)..^^ 

i^-i 

_'\(l^-l)+27ri,         !;(l-i,^+27rl_ 

2.  2 

1 

Mi^-l) 

_\(c^-l)  +  27rl 

2^\^[f(0  +  f(f)j 

[f(0  +  f(f)j 


2,    2    ,.2        ,    2,  2 
(c,    -1)     -  ^\ir    . 


and  we  find  by  substituting  this  in  (  u  7)  that 


-».•-.»/»••. 


,  .V        -.■.•■'!«.•■ 


c!r-e:'i 


S^Tv?%':.:1^v^-i  -V.^ 


;T.S   -i-   '  ' 


)  -  .  .'■k  ■;i'i^:> 


.     t.j    ?,i 


■•?\     ■>>     ,■.•.;, 


,*•• 


.1    *  *   t 


V-  .:) 


:.  i>  •■: ..-. 
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2,2  [f(U  +  f(-)j 

*^''  i..  i..       r   2,„2    ..2      ,,^2,2, 

[         (<,      -1)      -    ITT     S      J 


.     .       ^    (z^»l)^f<z)d2  kV 

/      [-.   (z   -1)    -  iTT  z   ;,j(z-U(z'. -1)  1  2 


is  the  solution  of  (4.  2)  when    X    is  real. 

II.     Consider  the  integrodifferential  equation 


(4.9)  ^     (f     ^^^'^J^^^^^      =     ^.(O    +    f(0     . 


z  -  ^ 


where    K(z,  w)    is  analytic  in  each  variable  when  each  of   z    and    w    lies  in 
D    +  C,      and  where    K(!;,  {)  i=  0.      In  order  to  solve  this  equation,   introduce 

^-,/    X  1      /     K(z.w)(/)(z)dz 

F(w)     =     — r     S-' 

in     I  z  -  w 

with  the  limit  value 

-^+/.  V         T,^/.    ■  NA/   \    X    1      /    K(z.  Oy(z)dz 

^C 
If  (i.  9)  is  to  hold,  this  limit  value  is  the  same  as 

(4.10)  F^U    =    K(i.i)m)    +    </;'('0    +    f(U 

which  can  be  regarded  as  a  linear  differential  equation  of  first  order  to  be 
solved  for    HD-      If  we  define   ,a(0    to  be  such  that    M'(b)  =  KCi,  U,     the  solu- 
tion of  ('c.  11.)  is 


(=:•*)<.  ::- 


V  i ' 


.T.l^\  •■  . 


v.  I 


',i.'.V_;_'."i£v_      ,.v 


'  'ii  u,  Di  ■■< 


->  '.■  •:=>. 


>   : 


■:       .      i 


I    . 


■•i-j/f', 


l-! 


^^<  */ 
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I' 
(4.11)      <l>{.)    =    e""-^-^     /      e'"^*^[F"^(t)  -  f(t)j  dt    +   m ^)  exp  [i4t ^)  - ^a)]     , 


where  the  path  of  integration  is  along    C.      The  substitution  of  ( x.  11)  in  ( i.  9) 
yields 


r    r  z 


(4.12) 


1    fk  K(z,  *:)  ^-M(z) 

;Fi  f  T^rr^ 


e'^<'^F^t)dt 


*-     o 


M(l    ) 

+  e       °  (/.(^=    ) 
o 


dz 


w 


/"        (     \  4. 

e         F(z)dz    is  an  analytic  function  of    w   for    w    in    D  ,     equation 


(4. 12)  is  the  same  as 


<f>HK)   +   at)    =   M'(?)e 


•.uCO 


e^<*^F'"(t)  +  e      °<^{?   ) 

o 


1-  f 


(4.13) 


-    ^     -^-3-^  e  /     e       f(t)dtdz 


From  (i.  10)  v/e  see  that  ( i.  13)  reduces  to 


■^    !..  iir 


•A    l: 


•'    4    .*       ^       *     1^  K  •    -( 


*  .'i! 


'       > 


<•';  i' 


>     .  •> .'  • 


\,       i. 
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./^<t)r-.. 


(^•(?)   +   fCO    =   ju'COe"'"^**'^  < 


(4.14) 


[h'(t)<i>(t)  +  .^'(t)  +  f(t)]dt 


Mr) 

+    e       °  <|>(l    ) 
o 


and  after  an  integration  by  par-ts  (.i:.  1  i)  becomes 


<^'(S)    -   ju'{g)*(0    =    - 


!(t) 


f(l')   +  ;-*'(Oe'^^^'^     A   e'"^"f(t)dt 

J, 


(i.l5) 


,z 


1       J     K(z.  n      -m(z)     /       w(t) 


TTi    r 


_  r 


e*"^     f(t)dtdz 


The  solution  of  this  ordinax^y  differential  equation  is 


^(U    =    -    le-'"<^'^     f   e^'<*^f(t)dt 


(4.. 13) 


J_eM(n      .^    ^-.u(a)     /k(z^).^-Mz)    /  e^<t)^^^j  ^^  ^^  ^^ 


+    c    e 
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III.    Cur  method  can  be  used  to  solve  simultaneous  integral  equations 
if  the  kernels  satisfy  the  analyticity  conditions  we  have  imposed  above.    We 
illustrate  this  with  an  analysis  of  the  simple  systeni 

f  K  (z-U*(2)dz  f  K  (z-Oi/'(z)dz 

m)  +  (k       .  .> +  <^  — TiTT —   =  f<^>  ' 


(4.17) 


K  (z-S)(^(z)dz            r  K,(z-U^i/(z)dz 
,(„   ,    ^    .^__ ,     ^    ^^-__ =    g(,)     . 

where  the  functions    K.(z-w)    are  analytic  in  each  variable  when  each  of   z 
and   w   is  in   D    +  C.      '^^^e  suppose  that    K.(0)  =  '^.  ?^  0.      The  limit  values  of 

/  [K  (z-w)(/.(z)  +  K  (z-w)<//(z)] 
F  rw)    =     ©    — !^ dz     , 

1  r  z  -  w 


J   [K2(z-w)(^(z)  +  K,(z-w)^(z)] 
F2(w)    =     f    I-T^ ^^     • 


+ 
as    w   approaches        on    C    from    D  ,     are 


(4.13) 


F|(y)    =    (jri  .^-1  )</)(;, )    +    iri\^Ul)    +    ni)     . 


<i  o  4 


The  solution  of  this  system  of  algebraic  equations  is 

(TTiX  ,  -  1  )[F|(i:)  -  f(Oj   -  TTiX  JF^('J  -  g(l")J 

Ul)  =    ^ -g ^-^ 

(4.  1 9) 

(7ri\    -l)[F^(n-g(i:)j  -  vriX   rF|(U-f(U] 

'MU   = ^ ^—^ 


itif^Uiii'^/^ 
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2 
where    A  »  (rriX   -  l)(7ri\   -  1)  +  tt    A.^X  .      The  substitution  of  (i.  19)  in  (4. 17), 

the  subsequent  evaluation  of  the  integrals  involving  the  limits,   and  the  use  of 

(4. 19)  again  lead  to 

TTiX^gib)  -  (7ri\,-l)f(') 
(TTiX^  +l)(^(c;)    +   niX^m)    =    S *■    ^1    ""    ^2    ' 

(4.20) 

TiX    f(n  -  (7riX^-l)g(0 
iriX^(i,{i)    +    (7riX^+ 1)^(1:)     =     ^ *    ^3    "    ^4    ' 


where 


h   -    Z   f T^l ' 

f(z)[;TiXJC,(z-U  -  (7riX,-l)K,(z-?)]dz 
I 


=  i/ 


3     A  .r  2  -  ^' 

c 

^      ^     g(z)[7ri/\2X3(z-i; )  -  (7riX^-l)K,(z-i:)jdz 


^4  ^     A    r  z  - 


In  this  way  we  see  that  the  solution  of  the  set  (1. 17)  is  reduced  to  the  solution 
of  the  algebraic  equations  (-1.  23). 
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